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TECHNICAL REPORT R-145

AN INVESTIGATION OF THE VIBRATION CHARACTERISTICS OF PRESSURIZED
THIN-WALLED CIRCULAR CYLINDERS PARTLY FILLED WITH LIQUID

I_Y ,hnt-N * S, M[X_ON a AND I_OBEI_T _V. IlEltl_.

SUMMARY

lqqaation,_" ar_ derired j;a' the calculation, qf thc

mztu, ral /7"eqaencie,_ qf ,_'hell ribration .f l.'e,_,_'_trizcd.
thin-walled, cb'eular e!llin&,r,_' which are empty,

partly filled, <,' .full qf liquid. In this type qf

rTbrati<m tD_ a,ri,_"o.f the cylinder ix ut_d_:l}Jrmrd and

the cross-._cti.n ,_hape dtj'.rms during the _ibrathm.

Thr dcrirati.n .f.ll_m_,_" a lla?llrigh-Lagrat_ge l.'Oer-

dure, in u.hich eml)re,_',s'ion,_./br ki.etic and potential

energy are dereloped in terms q/ the displacement,_'

oj" the cylin, der, the di,.plaectnent shapes are a.,.sumed.
and Lagrat_ge',_ equatio.s are applit_d to giee a ,_'_tq/

linear ,_im ulta.eoas equati<ms a.f motiw_ which, upon

substitutDm qf simple harnw.ic m,_ti,>., yield a.h'e-

qaeneg _#t_ rmitm.t.
.ll._'. presented are experimrntally determined

ttatural [requrncirs and mode shape,_ qf two cylindcr,_

harittg ratD>,_"o.["radius to thickt_e,_',,<qf 937 a.d 3,000.
Natural t)'equencie,_' qf b,_th cyllmler,s' were d_ter-

tnilted jbr internal pre._sures up t. S p,_ig a.d ratio._"

of li¢luid depth to cylinder length j)'om 0 to 1.._7.

('<.nparisotts between the theoretical attd eaTeri-

mental frequencies indicate that th,_ equatbm,_' d_ric_d

herein are adequate .ft.' predicti,m qf the rxperi-

mental jreqaencie,_ of the cylinders tested. Both
calculated and experimental results show that when

the cylinders are greater than half.l:ull, their .fi>e-

quencie,_' are le,s's than hal.[ qf the corre,_ponding

j'requencie,_' qf the eylin, ders when empt!l. Also, the
damping of a water-filled eglinder was Jottnd

experimentally to be le,_s than the dampbtg oJ the

emptg e!llbMer.

INTRODUCTION

Thin-walled, uusiilt'(_ncd, circular (.vliuders nl'O.

presently being used exleusively its coiiil)iualion
I'uc| t,anks lllld priiiiarv stl'licltlre in the design of

liquid-fueled reelects. Tiu, need for slruclura].

e[lhqeucy, which dicllit,e._ t iillt liie structure be

lis lig]lt, ils possilde, <.oniliined wiih tim ])reseuco

of ]iigJi-euergy vibrlllion SOIII'<'eS, such as the

rocket eiigiiies illid ])oundlll',V hlyer, }ills l!ini)hllsized

the iinportllnce of dynilniie lollding prolihqiis for

these t,ilin-wlllled lanks. ()f [)l'ini(; inil)orllinco

witil respect to t]ie dynltiuic loadin<g prol>lenis

ltl'O i,]lP llltllll'll| liiodps lind associated ntit,ural

['requencios of vibration, which for a boosier
veliicle include beliiii vibralious, sticll viln'atious,

and fuel sloshing, ea('h o1' which ('i/ll possibly

couph_ with llie oliiers or with the, control S VSttqii,

In tllis report the vibrations considered liFO tile
siiell vibralions (soiiielinies referred lo lis "l)real]i-

ing," "wall," or "lot)ar" vibrlliious), wliereiu tim

nxis of the, cylinde, r r(;nlilins undefornilq| liu(| tim
(d.enients of the wall porforni lillrlnoni(_ niolions

iu liie axild, radial, ttud ch'cuniferenlial dire('tious.

Sliell viln'llliou frequencies (ff lhin-walled cyl-

iuders ]itlve t)eiql oith'uhlted b v lliilnv ll, llt]lOl'S,

iHllOll7 t llo th'st of whicil were l,oi'd Rllyh,igh

(roll 1) lind -t. E. H. l_ovo (ref. ,<2). Both Ray-

leigii lind Love presented ['i'Oqlloncv e,qutlJions for

shells with either infinit01y thin walls or iin inehlst ic

middle surface (an ilnagim'try silrfitco locat(,d at
midthiekncss of the shell wall). Baron and Blei('h

(ref. 3) extended R_tyleigh's work to in(dude t)oth

t Information presented herein is being offered by Mr. John ft. ]%_ixson in partial fulfillment o! the requirenmnts for lhe degree of Master of Applied

Mechanics, University (if Virginia, Charlottesville, Virginia.
1
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finite wall thickness and middle surface (,lasticity

in lhe frequency equation. Reissner (,'ef. 4)

derived a frequency equation inch,cling the eft'cots
of finite wall thickness, middle surface elasticity,

and internal pressure. Berry and Reissner (ref.
5) extende(t this work to include, in addition, the

effect of an internal compressible fluid. Baron

and Bleich (ref. 6) investigated shell vibrations

of unpressurized cylinders partly filled witll liquid

with the ends freely supported at the bottom and

free a( l:he top. (_oml)arisons between cah'ulated

and experimentally determined I'requencies wer(;

l)resented by Arnohl and Warl)ul'|Oll (rofs. 7 ;_tl!(1

8), who investigated vii)rations of unI)ressurized

cylinders with fixed or freely supported ends, and

t)y Fung, Sechler, and Kaplan (ref. 9), who inves-

t,igated vibrations of internally pressurized
cylinders. These comparisons showed good agree-

ment t)etween tim cah'ulated and experi,nentally

determined frequencies.

In lhis paper, a frequency equation is derived
for shell vibrations of thin-walled (drcular cylinders

partly filled with liquid, containing internal

pressure, and having freely supported ends. An
experimental program to deter, nine the natural

rre(tuencies of two thin-walled cylinders having a

wuqety of combinations of internal pressure and
water level was also conducted for comparisons

with the theory. The derivation o[' t lm frequency

equation is presented first, then the experimental

program, and finally, comparisous of the theory

with experiment.

SYMBOLS

mean radius of cylinder

dct)th of liquid

time-dependent coefl%ients al)pcar-

ing in equation (IS)
Young's modulus

frequency of natural vibrati<)n, ao/27r,

cps

I,(xy
virtual mass factor, k_I,'(X_)

acceleration of gravity

damping factor, defined by equa-
tion (56)

E

G shear modulus, _((___-_

h wall thiel_ness

I, modified Bessel function of first
kind of order n

l_' (teriwgive of [. with respect to its

llrglllllellt

J,, Bessel function of tirsl ldnd of
order n

i, j, k, s summation in(liees

K_(s',lc),K_,(s) expressions delined by equations
(28) and (29)

L cylinder length
m numt>er of axial half-waves

m,_l(s), m,,.,.(s,k) liquid virtual mass coetficient, de-
fined 1)y equations (31) and (32)

or (33) and (34)
n number of circumferential waves

n unit vector nornlal to li(tuid

boundary
N+ 1 number of terms in series ext)ansion

of displacements

p internal pressure

q(s),q_(,%k) exl)ressions defined by equations
(41) and (42)

r radial eooMinate

t time

T kinetic energy

u, v, w displacements of a point on middle
surface in the axial, circumferen-

tial, and radial (tire(.lions, respec-

tively

U,(t), V,(t), amI)litude and time-varying part of

W_(t) disphtcements

V t)ot ential energy

v. v+ v_ velocities of the liquid in radial,
circumferential, and axial direc-

tions, resl)eetively

height of circumferential node line

above cylinder bottom (sul)scripts
1 and 2 denote first and second

node lines, respectively)
coordinates with origin on surface

at the base of the cylinder (fig. 2)

roots of the equation

.+,(0:/),:o:0
h2

thickness-radius parameter, 12a2

shear strain in niiddle surface

shear strain of element

freque nov parameter, -(1 -- u2)o_a2co2
. E 9

direct strains of cylinder skin ele-
ment

Xl_ X2

5"

A
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<, +2 dirtwl slraills in nliddle surl'nve

_, K.2,_:_ Cll_ulges O[ <'urvnturo ttlld twist ill
nliddh_ surf;ice ,_ssoeialed with

disphit't,nletlt ,'

X, _xi;ll w;tvelengih I)_lr_ttllt'lor,

(._ +,d,r.
L

u l_oisson's ra I io
v nulnher of cvc|es of ','ihraliotl used

to deterlUille d:ttUlfing

p weight dt'llSily

o_-, a, direct stresses

rj+,_ ,qJl{'lll' St l't'5_q

¢ +lll+tlla r (.oorditlat e

ep ,,'eh+<'ilv potential of liquid

co t'ir<'ular fl'eqllt*n('v (:,f imtural ",,*il)l':l-
tioll

SiLl>set'iF.iS:

,f
l

C

tluid (liqui<l ntul +'as)

li<luid
shell

A <lot over" +l quantity indic:lies dill'erentiali<m

with I'eSl)e<'l to tinu,.

THEOP..¥

VY+ht,n _++ttlin-vtalh'd (.vtiluler vihl'ates ill a shell

nlode the axis l't, nltlins Ulldt'[ortll("<[ ill|(| lht' <'vlin-

der wnlls deforln in a v,'a,,'e pnttern ns ilhlsll'Ul,,d

in fi_ut'e I. ='x, nunll)er of sltlliollal'V 'XVWVeStll't+
J'Cq'lne,d in ('ross sot'lions norrttnl it) llt,t' ttxi:".;, its

ilhlstl'ated hv |lit+ ('ireulnferentia| wnve forlns, and

ill ('ro.,;,'-+sections t'Olltttillill[2," tim ttxi,'.;, tl.S illustr;tted
hv the a xi_d wave I'ornls. Nc, ie lines are defined

ns in rt'.[t, rt, ll('es 7 nn<l g l>y tl,e positions of zero
radial dellm'liot_ (tangential <lt,ltevtion is not t+et'es-

sat'il3" zero lit these positions) ;tll_l typical node-

line ttrr,'mgentents ure showu ill fi_ut'e lib).
It has been shown (ref. 7) tlmt for tmeh t'olntfina-

lion of m (the nund+er o1' nxial half-waves) ;tnd _+

(the tltltllber oI' cirvulnl'erenlinl waves), there exist,
three distin?t nlo<le,_ of nlotion and nssociated

fretlUeneies, lit the mode +_ssociate<l with the

lowest frequetwy the II_otion of tin element of the

shell is primarily t'adint. The fl'etlueneies asso('i-

tiled with the othet' two |nodes are lnr_e conlpnred

with tile rndial mode fretluency, and the, ])riniltry

thor|oil of t_ shell element in these two nlo<h+s is

t++.ll+Zetit to the middle surface, either axial or fir-

vunlferentiul. [n this annlysis <:.tfly the vadinI
nlo<h, is to lie considered; therefore, a mode is

// _ //_- __

n:2 n=3
(o)

,@
n=4

[ 1'

I I

: !
I ,

Cb)

I I ,

r i I

1/
m=l

,/

/ /

_¢
rn=2

I I,

m=3

(:_.) ('ross ,-.ecti<ms doF, ielin ¢ eirt'unffertqtlittl wave forms.

(h) Nt+dt'-Jitm |mtterns.

(c) (¥oss s(.etb:ms d<,pi('thlg ]OIl_+tH</itlti] Wa",'(' fOP'illS.

l"]qt+rt': l," Typi,;.:t[ d(,[h_(q iOl++l)att(,rltS of ra(i[ttl .,.h,,tt

vil:,r:tt |(iris o/" t hin-walled cyli+td<,rs.

defined by the values c,f m +iml _+. 'l'lw frequen<.ies

of tile tnngential modes at'e Fwevente_l {'l'Olll ni',pettr-

ing iu |he qtmtions _[eri'+'ed herein by negh,t.ting

tilt> contrillulion It) till' kinetic energy of the It||l-

gent|a| llIOliOI/,% hotii ttXi+ll tttld cir('tllllftq'Olllin|.

A @.etch of :t cylinder wilh till, coot'din;lle svs-
t eln used in tills ttlltllysis, together with till eh,]nent

of the shell, is shown in figtn'e 2. The ;ills of lilt,

e vlir_der is verticnl st) that |he liquid depth b is

]llellStll'Cd along tile h, ngth L. The nxin[ ('ir('tltlt-

ferentinl, ttttl<[ radial dispIacemt, l+ts of ;I point on

tilt, nlidtih + sut'face u r, aml it+ are positive ah:mg

the .r-, !1-+ ,rod ':-nxis, respectively, tlS shown in

this t[gUl'O,

IIEItlVATION (IF POTENTIAL ENER(IY

The potenti_tl energy ol vibralion of a l]lin-

walled <'vlinder contuining intt,vnal pressure t't+.]_.
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(a) (]ylin(h!r.

(b) Eh,nwnt.

Fmvlt_: 2. Sketch of cyiin(h,r showing coordihah, system

and -t typical (,l<mmnt of "_ Ihin cylindrical shell.

be written as:

_02_ r 1v= F j"
,! IU2 , ,,] O

d -M2.)0 ._o

(_)

The stresses introduced in the first term on the

right of this equation ;ire associated with the
elastic vibratory delteetions of the cylinder as

indic,fled by the subscript c, whereas those intro-
duced in the second term are due to the internal

fluid pressure, as imlieated bv the subscript f.

This expression for slrain energy neglects any

contribution ol' sh'esses aeling on tim element in

the (lirection perpendicular to the middle surface.

The internal pressure aml li(luid stresses are

ussumed to be independent of the strains in the
tank wall; and Irom th)oke's law, the shell-

ehtstieity stresses are related to the strains by the

expressiolls:

o'z, c: l -- t.t_

1:

The strains ¢,, %, and 7_ in lhe element at a dis-
tance z from the middle surface of the shell ave

related to the middle-surface slrains e_, e2, and "r

and to the changes of eurwlture anti twist ,q, a'2,

and _2 by the expressions (ref. 2, I). 529, ]'or

example):

!

_=_--z,_ _- (3)

J7xu=_-- '22 _q,2

With the assuml)tion th,U the pressure strains

cr_.s, a_,.z, and r_.z are constant across the thickness

of the shell, equations (2) and (3) ('an now be

substituted into equation (1) and the right-hand

side integrated over the thickness of the shell to

yield:

I':2(1-/_)J0 3o \El , _ 2

+ Ifh:_ _,_ ,.
2_1 (l _.2)" o_0 ,_, [ _[-' @ K22 @ '-)'uK, K'-'

_[" (f-}-2 (1 /_),q,.21 ad.r,l¢+h (_,:e_4-%,:e=,
• •

+r_,,:'y)adxd¢ (4)

The first, second, and third integral expressions in

equation (4) represent the contributions to the

strain energy of, respectively, the initial|e-surface

elasticity, the bending of the finite-thickness shell
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wall, and the internal pressure. The rel.ltions

between the nliddle-surface strains ex, e2, ltn(l ")'

and the displacenlents or a point on the middle

Sl.ll'flI.CO '//_ P, filial 'l/_ [0 lie, llsed ill'e:

bu . I /bu'\ 2 "1

_'=_.,.+',_ %.,, )

_->=_; 0c--a-- 2a2\b_o !

10u_FSr+l b'w O_v
7--U 0¢ 0.,' alc_J, O¢.j

(5)

In general, second-order tel'Ills involvin_ u nnd v

can also he hlchldod (for exaniplo, its in rot'. 2,

p. 60); however, with t_ nnd v llssun]ed snull| in
eOlill)llrison witli 'm, those lerliiS _il'e neglected.

"['lie expressions relaling the ciialigO_ Of curvainre

and twist _,, _'2, lill(l KI2 tO t.lle (]i_l)|llcelnents Ill'e:

• _ Oh/_ "}

_'-'-- (t 2 0¢2 r

_ 1 0'_" /

O0

The expressions given by equal ions (6) neglecl the

effects of circuniferential displacenient on the

c}lili/ges O1' curvilttlre niid twist, a sinlplifiealion

suggested by shallow shell t.imory (ref. 10). V(hen

applied to cylindrical shell vibrtttions, shallow

shell theory lTiSS/lllles tllltt, w|ien the axia| node
lines are sufficiently close together, the porlion of
the shell between tim node lines can l)e treated its

it flaL plate. Whtls, as in thlt-ph/te theory, the

tangentilil disphleeinents are assumed to have lie

effecL on the changes o1" curvailn'o., and equal.ions

(6) result. The stresses title to internal l)resSlll'e

and liquid are given by:

For O<x -/. b,

])(1 t

o-,, s=2h

pa o,a(b--.r)_,,.s= h -F h-
(7a)

illl(l (OF lJ \f\].," I"

]J(I 1

(r_.S=2h./
pa i_

I
Tz,,.y= 0 )

(7b)

Equalions (5) Io (7) are now subslil ute,l inlo equnlion (4) io give lhe following expression for poten-

lial eliel'Ty in terlliS of llie disphicenienls:

. t+.'f, _" "_"'[-(_"']'+) (_'i _" 2, O,' ' l-_ o_,,+o,._ 7

1 (O'u,"_2G+J_cSr w I_ I "Ou'\_l _" _ [l be w 2la i/bW_ 1+_\OxfJ aO¢ ,_7 2(_2tb") )_ad'r<f¢_'p_ar (b--.r) .--}- ;- . ¢ J .1, . aa_ a.... .\_/jad."d¢ (8)

I_ should llenoted that l Jie scrond-oMer lerius or

equations (5) have been oniit.tod in lhe evaluat.ion

Of lJw .first inl._,Krnl expression o1' _,qnnlioll (.l),

since tiicir contribution is siilall coniptu'ed with
tile contribution Of tile fil'st.-or, ler l.crins.

DE'RIV.ITION OF KINETIC ENERGY

When tile kinetic energy of lhe tangmiiial

lnOliOn is ileglc'chql, die kinetic energy of lhe

cylinder is Kiven }).v

7' - p)_ _2_ @_wl.r,t¢ (9)
,'-- ,)(. I_U ,10 ,

The kinetic energy of the incompressible, in-

viscid liquid is found from the relation

:/"=2_, . 5n <lS (lO)

WhOl'O the integral is Ill\on over tim entire surface

})Olilidilrv o[ the liquid, dg is nil ehqnent of itrell o[

tile liquid surl>li.ce boundary, n is the outwardly

direrlod unit reeler norniltl to the liquid boulldliry>

ttiid _ iS ll velocil.y poleniial function wltich satisfies
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] mplace's equation

V (_--_,.2 +_ _7 F _)j+6x "d-O (11)

and 11., following three boundary conditions:

(1) ()n the eylindri('lfl surfa('e r=a, the radial

w,loeity of llio fluid must, l)e equlll to the radial

velo('iiy of the s]lell; thus,

,',, °=.-[ .... 02)
- Or !, =,

(2) On tim bottom of the cylinder the axial fluid

velocily lllllst })e zero; t]lllS,

(3) (hi the frec surface of the liquid the bound-

ary rendition is giw, n by (rer. 11, e]i. IX, arlAcle
227)

+!
Ot!_:,, =9_7 2 (r_2+r¢"-kr_'e)+Ir(t) (14)

where v is the disl)laeenwnt of the liquid surface
from ils undisturbed position and /';'(*) is an arbi-
trary function of time. Since tile velocities are

sniall ('OIIl|)l|l'(;(| wit]l tile Ol]leF terlilS, illld since

F(t) lnay Im absorbed into the potenlinl +, this

condition ltta,v [)e reduced to

_x=b

As stated in reference 6, the contribution of the
sm'fa('e waves to the (h, termimdion of the shell

frequen('ies can l)e negleeh,d t)e('ause the li(luid
slosh frequencies are comparatively low. There-

fore, for purposes of this I)aper, the effects of the

surfa('e waves are negle(,red (.q=O) and the bound-

at' 3, rendition on the free surf nee is reduced to

In view of these boundary conditions, the kinetic

energy of tile liquid (eq. (10)) can be written

T P z
\ ar/i _f¢t_l.r

+ P' £" _]" (,t,_¢'Y20 . \ b_Jj ,=],,l,,h. (16)

The det,erinination of _I, requires, from the first

boundary condition, knowledge of the radial w;loe-

it 3, of the slMl and will therefore be completed after

the assunled shell dispbwe,,mts are discussed.

CYLINI)ER I)EFLECTION FUNCTIONS

If expr(,ssions for the disl)la(,enwnts _, v, and w

a,rc now assunled, the strain and kinetic en.<'rgies

ii/ay be evahiltted in terlilg of tile anipliludes, illid

Lagrlillge's equat, ion lllity I)e. used lo give a I're-

qllene 3" equlliion. T]le expressions ilSSllliled for

gJ G aIltl It.; ltre:

x ),_,r"!.

N tr=sin ,,_._ l,:,(t)sill X,[s_ (17)

If=cos/'_,,#_-_, IVy(f) sin
,_=1}

These deflert,ion functions lire llio norlllli| niodes

for lile cylinder withoul, liquid iiild will be coupled
in tJie eqllalions of motion 1)y lhe hydrodynlmiie

forces. ]_]ltcil Ierni of Lhe series satisfies end con-

ditions known its freely slipported_ in whieh the

cylinder ends itre eOllstrailled 'to rellillill circuhu"

(i'il(tiitl (lefleetion at l.he ends is zero) ])lit 11o (:Oll-

st,rltiill_ is 1)lii('(,d 011 t,]ie slol)e a{ the ellds. This

pi_ri.i(qihir form o[' ilic sine and ('osine sol'ies was

chosen its it ('onvonient way io o|)tain approxi-

nllttion.£ to |tit, higher axi,l lilodes without, in-

(Teasing tile size of die frequency dot,orliihuul/. (IlL

is sJiOWli subsequenlly that liie freqlll'iicy delernii-

nillii, is 3CV+I) leriilS t)v 2}(iV@l) lerliiS.) For

eilipl,y or liquid-filled cylinders it is usual 1o lake

only tile fii'sl lorni of the expressions for _z, 7,, and

_#:; 1}llil is, N=().

FLUID POTENTIAL FUNCTION

The kinetic energy of the liqui(l can now be

evahilil.ed frolu liie displacenlenis given })y eqlla-

tion (17). The veloeit.v potenliiil salisfying

Iml)la('e's equal ion, V2q _ =(), is

_=('os ,_ IL(t)I,, sin-
\a, / a,

+2:[(',(,;
s=,i_- " a a a .... t-a-)J

(IS)

wliere B_(t), (_(0, /)j(t), and c,,,s nre to be de-

t,erndned fronl salist'lletioll of the tmundary
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COll(]it i()lls, fill([ [, /"(_J') _ll]_I ,], / \(_"_/'') _|1"(,
\ I<I \ I(t

P.essel fm.'tions oI' lhc firm kiml, modillcd n_xl

unm,.tified, respectively. Thisl>Oteminl function

can be obtaine_l by _liscardin_ tim terms which are
inconsislenl with the boundary con_litions I'ron_

the general solulion of l.,nplace's equation ill

cvlin,lric.l coordiuates. The tlrst boun_lnry cotl-

diliou (eq. (12)) will be snlistle,I if

OJ,, ( c_/'_i'}
(I I

0
01' r:-_l

_ll]([

_, IL(I) ' sin
s=O _1' r =n (1,

N X_.r

=--5] W,.(t) Sill "- (2O)
s=O (I

Equali<m'(l!)) is snlislie_l by llm proper choice of

ae,,+,nml equatitm (20) is satisfied with

'20Ii;,/)
/_,(r)=xjL ' l(Xs)_ ] /tt+i(Xl,) ] (21)

Substitution or d,'(eq. (IS)) into the secoml houu,l-

arv con,litio. (eq. (l:_,)) viehls lhe I'ollowin_

equal ion for the ,M ermim_l ion or ('j(/):

.,(,>,,, )
8= 0 (1 r " . (l j=l ¢1 " \, 11

(22)

Fox' evaluation or ('j([), equation (22) is Jnulliplied

ihrough by r,],, (f_,,,r ,Ir and integrated wilh
)¢l

respect to r fl'Oill r 0 lo r--a; use is then lnade

of the orlho_omdily rclnlion rot Bessel functions

,1,,( ,1,, - - r,h" (I (;/i)

,s, _, j ,+,, _, / ,',,r _ 4 d "(_,, )
• _ ¢1 I , (1 / - . OG_j 2I

(; ==,i>

(:_:3)

and lhe t'olh,win_ inte_val

. k-7/'"=

This procedure yiehls the I'ollowiu/ expression

f<>r (:gt):

(;(t) .... .e-, . , 2__

[TlXm suhslilulion of <I, (eq. (lX)) into lhe lhiM t>oundnry condition (eq. (15)), an exl>ressi-n for l');(t)

isohtained, lnle_ration of this expression wilh respect lotimeyMdslhefollowinffexpressionfor])/(l):

2 _l el / -_- (_()llsl alll,

+'-' _1 ( ,_,_=0 ,,, .,oe,,2 1-- ....... o_.... (oC,j'_-X+-) cos]l a.gb
C_.j" fl +" (I

The constanl is associnted with ttlc inilinl molion

of the fluid and for purposes or ibis amd.,,-sis

can be ned|coted. The potential function cI; is
now wrilten in ttw form

WhOFe

sV

+ ,.o._ .¢ _ (a, (,) l,,

_' ('_)=xj;,'(x,)

2a, M

(r_:__)sii, L..r 52(.,',j) ,- (_)a at,,, 1-- '/ ,1,, o_,,2) (0%-" X,+")

(25)

<+ 2. o_,,; sin -- k,.,sintl o¢,,/5__
¢! (/

) a:,(._,.i) : ,;_ - - _ C o_,.;) ,i-,+ ,:,_,+_t j a

6(;1,;71--6:; :--2
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DERIVATIONOF FREQUENCYEQUATIONS

Upon sul)stitution of u, v, and w as given by equations (17) into equation (8), the t'ollowing expres-
sion for potential energy is obtained:

7rEhL
V--

4a, (1 ___2)

f"

s=0 k.

-_-2_[XxVs(t)-?tU'_(t)]2-]-_(k*2@n2)2H_s(t)2-_l-#])a(X'@. 22 Gh, _[__2 ) -_:_, s (t) 2

where

k_s

b][1-- cos (X.@),_)a

b2 -- 1
a-_ (L + X_)2

(27)

1-- cos (X.--Xk)b|n

--2 b2 J (28)- (X:-- M
a 2

1 -- cos 2X_b

a (29)

X _(m+s),_a

L

The potential function + (eq. (26)) is now substituted into equation (16) to obtain the kinetic

energy of the liquid. This result is combined with the kinetic energy of the shell, determined by sub-

stitution of the displacements (eq. (17)) into equation (9). The total kinetic energy thus obtained is
given by

40 ,:o kL L/d,'"'(")]'i'(')%{/;::_: _o ''''4s'a')"\(t)li;(t) (3o)
k_s

where

a

I,,(x.,.)_ /
'J')" vl ('S') = fn (_ s ) 1 )-9 J-_- 2b [1 In-l(X'_)in@ l(xs)]

4(/,

-k:
j=l

{2X,a_jsi"_b+[a.Tsine(_-_b)--X.(e]sinha'a_b )

[ \l?e 2 2 a,jb

b°lnj'.l--°Gj2'\ t / (06_j @xx )COS}I a

(31)
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m,,,(s, k -/, ix0

s|,, (x_-xk)_ si,, (×,- xD_7
_. ' (I _ (I]

(x,-xD 6 (x +xD _ /
• iI " a j

axkxf sin X_b ,'(is XI_bj',(X,.)f,, IXA)[I,,_I(XO[,,H(X_)--[, ,(Xx)[, _I(X._)I
(I 11

+ _b @c--X< )I,,(XOI, X_.)

[M sin cos = --Xt. sin _ cos--)-_ I4° / x_.6 x,b x,b x,._',• (I U (I (I

_=' #, (1--_! .,) (<,;'-'+x?) (_,,/+x,:')
\ Odn2" /

4(1

+
2 It'2 " 2 2 2 2 , , ec,,jb

(:_2)

I,,(x,)
.£,(x,) = x,l,, ' (x,}

and

An al)l)roxinmle amilysis of the liquid ki)l('tic

(ql(,i'gy is giv(,n in the appen(lix and l(,ids 1o tll(,

following (,Xpl'(,ssions fop m,,i(x) all(I lllr2(,'¢, ]t'):

I . 2X,b"l

s,,,<,/

_,.: (.,,,Z')=:.f,, ix<)

(84)

For coliv(,nioiice the (lunniiti(,s m_.l(s) and

##tr2(.s'l _:) ill'O l(q'illOd vh'lulll ,iiliss co(,fti('i(,nls; ihc

{,Xl)l'l,Ssions giVOll by ('(Itlltlions (81) anti (82) Ill'(!

refelT(,(| to as "exa(q," Vil'tunl illliSs (!oofl](diq,ts;

wliel'('its tim ('xt)rt'ssions given l)y (,quations (3g)

and (34) are roferred to as atiproxiiililte virtual

mass coel[i(d(,liis. Preilueilcics hav(_ been ('nl('u-

late(l both by using equations (31) illl(] (_/-0) iliilI

by llSillg e(lilltiiOllS (83) and (34), Itlld (_'Oliipai'i-

SOilS lil'O shown in sulise{luon( seiqions of (his

PepOi'l.

Equations of motion, lnlisiiluvh as l:.(t), I'.(t),

ltn(l IV/t) lii'O in(lepi,nd(,lil, vliPialih's, they Ill|iV

t)e tlii.:en Its g(,nol'aliz(,{I ('ooi'(]inlltes liil(l the Lip

gi'iliig(_ o(llilllioli al)l)li{'d. A gOill,Pil| foi'ni of the

equllt.ions of niolion can |)o ot)tllill(,{I if d(q'iva-

fives al'O tli|.;(,il of |he gOlll,l'iil 1(,1'1,1 of l}ie sliiil-

lnlttions in(li(qlt.('d ill o(tl, laliOliS (27) and (30).

The equations of lllOliOll lll'O ol)iilii,od I)3" ihe
),lq}l)li(,iltion (if ling illlgO S O([llli|iOllS:

,t F 07' -1 bl" "1

°/
d P 07 -I ¢)I" )/

;;, [
<t r 5'/' q o1" /

c,>/+o.:.<,)=°O

(3.5)

The r(,sultiilg equMions of lllOiiOli I)('(.'Olii(', with

lho llssuinplion of siiiiph, lilil'liiOlii(' iiiolion

fl: it) = - _qv<(t):

(x,_+_7,"• ¢-').u,(t)-,, _-_+"x,_:(t)+,x,w,(t)=0_. . . .
(a6)

-n 1A__ X lr
- 2 s_ ,_(/)-_(#72-_0 _ X,2) I'_(t)--,AI'.(t)=O

(:_7)
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ali(i

(7+l,)_pa [ ,_-_ ,,\_l--/z p_L a b " o -
'-- (;h [ ') tl#") t 0 _- _'_]1 7 7b'/; ., (.",')

E+A 1 'p,.DL m,,(.,) IV_(I)

4 1 up, L ct (b)='_,2 '2 GD p':' L .- K, G., b) ll'k (t)
k_-s

p,ab _,, 1 [n_,..,(.%k)+m_..,(lr,._)]ll_.(t) 0

(as)

X.'-'+ I U 1 2 u2 "z_ n X, ,u.,k_ I) 0

u 2 .,L! n_+12'uXo_-- - n 0

l+U.
0 (I 0 X_+ I 2- _ n2 n_ &

_) 0 o -nl_"Xl ,,'-'+12-"x,-_

t) 0 ql(l, O) uXl --n

() (t (i 0 0

1) 0 (1 |) 0

() () q_(,V, O) 0 0

V¢} 101'O

W]l(q'(!

A :: (1 - u_)p,._¢-'w'-' (39)
lq.q

It can I)(, seen from lh(, stvnin am[ kineli(' (,n(,rgy

expressions (e(l s. (27) 'u,[ (:¢t))) thai It,,re will 1)(,

(N+l) terms in the sum]nntions, lending to

3(N+l) equntions of motion, of which (N+I)

equations 'ire of the form of e(lunlion (3(i), an-
other (,V+l) equation of lhc rorm of equation (37),

m.l the remaining (N+I) eqtmtions nr(, of the

I'orm of equation (38). Tho matrix C(lunlion

rt'l)ri's('iiling thi's(' :3(N+I) ('([Hatiolls is

(I . . . 0 [I i)

0 . . . I) 0 I)

q_(0,1) ... I) l) q_(o..V)

,uX_ ... 0 0 0

-- ,'z.... 0 (I 0

q(l) ... (} 0 q,(I, ,V)

• .. h,v2+12'_n _'- --n'_-X,v ,_Xv0

• "* -- ' 2 " X,,_,_ --n

q_(N, l) ... uX,v n q(.V) _

1"1

11"_
!

I .

] "N

Wx

:: 0

m)

r;+.,b......... ___l--tz 79(1 2+n,'-' 1-_# p_l. a _2K._,(,_) A
q('Q 1 ]-/_t&"'+nU-1-2 G'/{ 4 . 2 GD. L L, p<,hL .

q,(s,k)=l--# mL a ._("b) _ , p,ah l-')- 2 "_tmt_' ], /{l('_', _:)qLA _hT, '2 [m,..,(s.,..... ]c)+t_l,..,(]c, ,',')i

(45)

(42)

The frequency determinant yiehling N naim'al fi'e(luencies is fornied from the olonlenls of lhe ('hnrn(qer-

isti(_ matrix of equation (40). The fl'eqtlency of ])rincitiat interest is the lowest froqtlency, illlll lhe

higher frequen('ies introduced by inclusion of several ternls in the displacen]ent functions ltl'e negh_('led.
Soyet'a| examples are TIO%Vconsidered.

Frequency equation for N=0.--If N is set equal to zero, only the firs! term of the series in equalion
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(17) is retained and lht, _lisl>ht,'emenl relations reduce to

"1

u .. _I'"(1) e°_c°'_m]:'r [.m[rr.r

c: I't,(l) sin _+,_sln / -

• Ill 71",!'
w : H'&t) _'os '1_,¢sm

.1

(4:;'_

'l'h{, freqm,zwy d{'terlnin_lnl, t'ornwd I'r{_m the tirst thr('e elements of the /iJ'st {hre{, rmvs of e{tu_tion
(4{)) i,_

'X_ - -- I_/*Xo #Xiil
, l,._ll 2 --" 2 I

1 ]_ , l?_z o
" '2 Xo _t'! Xo_ - _

(44)

wJlel'e

(45)

Equation (,44) can be eXl)amled aml con,billed with equation 45) 1o give lhe followingrelalively

sinai}h, expression for ihe frequency t'a{'tor ,1; thus,

(l..........")x,,"_-_,_,,_-,0-)_+(1-,,)p,, t .,_x;__ I, .)p,,,L(_ ):',,,It,..
._= (,,-p _,<,-}- __ 2a/, -U _'± _ )± _(;/ -

l__ m ab
pJ_l; m,,, (0)

(4{i)

_,V]lelq_

1 {os 2mTr/}]

L .L J

(47)

The tirst thPee lerins of the miin{,rator of equatiml (46) represent the {,onh'il}ution to the fre{luen{'y

of middle sm'l'a{te elasli<.ity, wall bending, _{l internal pressure, respectively. The fourl]_ term of the

numerator and the second t,,rm of the denominator represent;, respectively, the contributions to fre-

quency of hydrostalie pressure of the liquid and the efrectiw,_ mass of the liquid. When the liquid

{lepth b is zero, equation (46) reduces to

A (1 _:_)X4 ........... (17_)pa(,£,._l_X/" _
: :(_i_ _ V) _-I-_(w"-^')'± _¢,_ ",. _ _'

(4s)

Equation (48) has been {h,Hv{,d and discussed previously (refs. 4 and 9) using different,

deriw_tion pt'oee{lur{'s.
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When vMues of m,,(0) aml h_(0) from equations (31) and (47) are substituted into equ'ltion (46) and

ill(, liquid depth b is equal to the lenglh L, equalion (46) becomes

A
,, Xo2) (1--#)p_aLn'-'(1./2)X_44 - (1--,.)pa ..+ 2 -_(n_+M_)_ _/3(n_@X0'-')"+ 2Gh. 4(lh

lanh o_,,jL
p_a/', (Xo) 14pgt2Xoz a

1+ _,_h " oJ,L-_'----: "_ ....
j=l a,,J 1--_ (_,/+Xo)"

\ _j

(49)

Equation (49) is quite similar to a frequency equation derived in reference 5. The equation of reference
5, when the tluid is considered to be incompressible, reduces to equation (49) wilh the fourth term of the
numerator and lhe third term of the denominator deleted. These terms represent, respectively, the

effect of lhe hydrostatic pressure of lhe liquid, and an effect of tinile cylinder length. Neither effecl,
was considered in reference 5.

Frequency equation for N--1.- If N--I, two terms of the seri,_s in the displacement expressions
are retained and the disphwements are given by

[ _ mra' • . m+/1)Tr.r'] "u: I o(t) cos /'£-1-(I([) cos cosn_

m 7rx ..... (m + 1) mr7r I'o(t) sin l-+l._(t_: , sin L -_]sinl+_

w [ll'.(t)sin ml_a-'+W_(t ) sin _m:/1)Tr'r_ cos n_

(ao)

The frequency determimml is now formed from the tit'st six rows of the tirst six columns or the square

matrix of equation (40) aml is given by

1 -t-/_
lx° +l:T"-'':' -"'2 x,, .x0

'2

uXo -- n q (0)

0 0 0

0 0 0

0 0 ql "1, O)

o 0 0

o I1 o

11 o ql (o, 1)

;#,n 2 --t_ ,>

1+_ o#--n, 2- Xl _2+ 1 X/ --n

uX_ --., q (1)

II (51)

In this equation q(O) is given I>y equation (45) and

(_2)

(/1(1 [)) I 9")/U" iOI [_ ( _ ")2/[I_" l pc]d]: _ " -= '2 ;[h _"_ (1,0)--A o,ab 1 tin,, (1,0)+m,.,(0, 1)] (a3)
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f
K+ (1, 0) = i

!
k

1--2 1--cos (2m+l } _!'_

?]+I
• j

(54)

l--cos (,,-+-1) 2Lb

K.2(I) 1--'2 E( m #1)2;t!] 2 (55)

With the use of equations (45) and (52) to (55),

e{luation 151) can 1}e solved for the frequcn{'y

parameter A b.y using known n,elhods; the

required quantities are the shell ditm,nsions (a,
h, and L), shell material (E, _, and py, li,Iuid

density and depth (m and b), and the mode shape

((telim,d l)y m, and _G. The value of A from lee

solution of equation (46) or (51) can 1)e sul}sti-

lute(l inlo e{lualion (39) 1<) girl, the frequency ()f
the vibration. As iIhlslrate(l in t],,se exaln[)h' %

any numl}er o1' t,erms ot' the s{,Pi{,s in the disl)hwc-

ment. exI}ressions (e<t. (17)) may }}e tak('n and tim

resulting 3(N+l)by 3(Nq-l) (h,tcrmimmt ,l,uy
1)e solved fop the frequency.

EXPERIMENTS

GENERAL REMARKS

Natural frequencies and no(h, lim,s of two thin-

walled cylinders were determined expePimentally

fop <'otuI>aris(}n wit h Ihe cah'ulal {,(1 i'esulis. A Jew

mode shaf)cs and some vahws ()[' {laml)ing were
also determine(I. The ratios of l he cylind,,r

radius to the wall thicl(ness were 937 und :-_,()()();

lhe ends were air'wheal 1o rchttively rigid stl'uc-
t,uros and were therefore {'onsidered 1<} be lixed.

The natural frcquen('ies and node lines _vePe

determined with internal t)resBurcs Uli lo S I)sig

nil(| [or ratios of watm' <h'l}ih to ('._linder ]euglh

8/[++ fl'OIII 0 10 1.47. The tuode shal)eS xveP{,
dcterlnine{l lot' vahl('S o[ 6/L o[ {}.25 nil{| (}.8(}, alld

the datul)ing was {h,termitw{l with lh{' (.ylimtor

empty and lilh,d with water.

APPARATUS

Cylinders.--The 1}ilysical characteristics of the
two thin-walled, unstiffened, circuhtr cylinders

used in these tests are given in the _following table:

1}.itI'll Ill(!( (+F

Material .................

Cylinder 1 Cylin{h!r '2

Aluminum Steel

(2014-T6) (stainless)

Weight density, p, lb/cu in ....... 0. l0 0. 2S

Young's modulus, E, lb/s{t in. _ 11}?< 10 {+ 30X l0 +_

Poisson's ratio, _ .............. 0. 33 0. 30

L{.ngth, L, in .................. 2S. {i 22. 0

Me.tn rn{tius, a, in ............. 15. 0 12. 0

Skin lhicknes.-;, h, in ............ 0. 016 0. 004

lla<lius-ilficktless ratio, a/h ...... !)37 3, 000

l{:tdius-hmgth ratio, a/L ........ 0. 525 0. 5+I6

Photographs of the cylitlders in the testing position

are shown in tlguro 3. The ends of the cylinders

were riveted to 1-inch by 1-inch by ];-in(.h

ahtntinum angle rings, which held the cylinder

ends at essentially a zero detlection and zero slope

condition. The cylinders were closed at, the lop

t)y fit)erglass domes and at the I}ottom t)y alunfi-
]tum cones (not visit}le in tlgure), l+'ittings for

l)ressurizati{)n and for water lilling and (tr.finin,,,
were loo,m,d Olt the (IOlllOs till(| Olt _,}iO (+OilC'S.

Shaker.--An altcrtP_ting force for excitation of

t,he cylinders was l)rovided by an air shaker su('h

as des{'ribe<l in reference 12. The shaker output is

basically a jet of air which is interrul)tcd t)y

teeth (m ,i rot,at,ins (lisle. Tim magtlilude of the

,-alternating force is cont rolh,d 1)y tim 1)ressur(, <}f
the air fed to the jet,, and the h'e(tuetmy of lifo

force is controlled by t,he speed of P(}tntiOli Itll{|

1he numl)or o{ teeth ()It the disk. This type {}I'

sltaker was selected be{muse it provided an alter-

n'_ting force with{mr adding a large {'{)n{'enlrate(l
nmss to t:h<; model.

TEST PRO(,FI)UI{E

Frequencies and node lines.--The lest. setup

is shown i,t llgure 3. The sttaker was l}lacc{l in the

i)osili<>n <,Xl}ecle{t 1o give maximunt rcsl}onse (>f
the cylind<,r in the desired m<}d{,. FoP htstan<'t!,

wht'n the <.vlinder was enll}ty au{l it, was desirt,d

to excite the first, axial mode (m--l), the shaker

was placed midway ])tq.We{'ll lhe ell(Is of the

cylinder; when the. second axial mode (m 2) was
desired the shaker was l)laced at, a distance (}f

about, one-fourt.h of the lealglh from one end.
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(a) L-60-455 (b)

(a) (!ylindrr I.

]:[(;vl_: 3. View of test cylinders and t(>t sellll).

(b) (:ylimh,r 2.

-60-452

Tit(' circmnfcrential position of the shaker did

not appear to have any effect on the resl)onse.

With the shaker in I)osition and the otttput force

constant, lhe applied excitation fl'equency was

varied tmtil a maximum response was ol)laine(l.

Maximum rest)onsc was identified t)y touelfing the

cyli)l(h,r lightly with the thlgertil)s while wu'ying
the frequency of the applied force. The mode was

then identified by locating the node lines, w]lich,

in this case, are positions of little or no radial

motion. (The (angenlial mot ions are not

necessarily zero at these nodes.) The node lines

were also identified by touch. When the fingertips

were moved along lhc length or around the

rircumference of the cylinder, the positions of
smallest amplitude, in most cases, could l)c

easily felt, and the numl>er of node lines

determined. Touching the cylinder lightly did

not al)l)ear to change al)l)recialily the amI)litudc

of the response of cylinder 1 under any condition,

tier of cylinder 2 when it was I)ressurized or

contained liquid. When cylinder 2 was emI)ty and

unpressurized, however, it was not possible to

identify the natural modes or frequencies because

of the initial imperfections and local tlexibility of
this very thin eylindm'.

blode shapes. -A miniature aeeeh,romeler

(weight, 0.14 oz) was used lo determine axial

mode shalIeS. Wilh the cylinder vibratillg in a
resonant con(litton the aeceh,rometer was attached

lo the cylinder wall with double-baclced tape, and

the oulput was read front a voltnleler. This
reading was taken with the acccleronleter all ached

at several l)oints along the cylinder length, and

all the readings for that mode were divhled by

the largest rea(ting to give a nornlalized mode
shape. The a('reh, rometer output was 1"(,(I lo an

amplifier, then to a band-l)ass filter to remove

unwanted ]ml"nloni(% and finally t.o a root-mean-

square voltme, ter, which indicale(l the amplitude
of the vibration.

Damping. l)aml)ing (lata w('re el)rained only
on cylinder 1 (a/h=937); the procedure for

obtaining the data was as follows. The ('ylinder
was forcc(| to vitirate in a resonant condition and

then the shaker was shut off as suddenly as t)ossilIle

t)y eh)sing the air supt)ly wdve. The daml)ing
measurenlents were obtained fl'om the output of
the miniature aecelcrometcr attached to the

cylinder wall, lhe OUtl)Ul being recorded oil an

oscilh)graph. A smooth curve was faired through
the peaks of the decaying response and the
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dmnt)ing factor was delermine,1 frmn Ill(, relation:

where

1 log_ We
[11 _v _1_

w, amplitude at lime t

('+r)

t

:unplitudt, v cSeh,s lulcr

natural frequency of vibruiion

RESULTS

Frequeneies.-q'be experimenlally de(ermi/,'d

natural frequenries are presente(1 in lat:h,._ 1 amt I [

m.t are dis('ussed in ('(mjun(')ion wilh lhe lheory
in lhe su|)se(luent set'lion "('(mq)urison of The(>-

reti('al and Experimental Freque],'ies."

Mode shapes. The experin.,nlnlly determined

mode data are presented in t_hles .1II and IV and

in figures 4 and 5. Experimental axial mode

shapes o1' cylinder 2 for an interred l)ressure of

8 psig are shown ill tigure 4 for m l, b/L:-0.25,

lllld for 11_:2, b/L=0.50 at several values of _l.
This tigtll'e shows the mode shapes to be .on-

symmelriral, with the ]nrgesl amplitudes occurring
below Ill(, water line. The results show further

that the mode shapes vary c.nsiderably with the

wdue of _,. For the smMler values of/_ the ampli-

tude is approximately the same both t)elow and

above the water line, bul ns/_ increases, the relative

amplilude ,d)ove the water line decreases until at

the largest values of/_ shown, tile aml)lilude above

the water line is negligible.

Also of' interest, with respe(.( to the modes is the

position of the eir('umferential node line. In
figure 4(11), (m=2) the eir('umferential nolle line

(defined by the position of zero feint ire amplitude)

is shown to lie a( about one-half (he liquid (lep(h
for all wdues of _. The variation with inlermd

pressure of the ratio of {he ('ir('umferetl(inl nolle-

line heighis al)ove the lank boltom .q and a'e Io

111(, water depth b is show)_ in tlgure 5. This
tigure shows that, in general, the node lines are

about evenly dish'ibuted over tim water depth;
when m=2 the node-line [wight a'_ is 1lllO111 half

of the water depth, and when m:: 3 ill(' node-line

heights :q and xe are about one-third a.d two-thirds

of the water depth, respeetivvly. The efl'e('t of an
661671--63--3

increase of the inlernal 1)ressure is to deere,tse

slightly both Ill(' s('lll|er lllld the value of lhe ratio

of node-line height Io water det)lh.

Damping.- 11 was ext)eele(I that liquid-tilled

('ylin(h'rs _vouhl have more relative (hmq)ing than
elnply cylinders so lhat lhe l'eSollalil |)('Iiks wouh!

be more diltieulI to distinguish and lhe (hmay of
the vii)ration would be more rapid when (he

ex('iling for('e wns removed; howev(,r, ill(, exl)eri-
m(,nlM l'estd(s (lid not show this (() be the ('use.

()n the ('ontrary, the modes and frequen('ies of the

liqui(t-lilh,(I ('y/trillers w<,r<, just _ts (rosy lo (,x('ite

and i(h'nlify as those ()t' Ill(, (qnl)ly cylinder. A.

lilniie(l nun)})(,r of danll)ing nleasuremenls were

lllll(]e Oil ('ylin(h'r 1 n( ])r(,ssllres of 1, 4, Itlld N

psig with (he rylinder t)olh enll/ly and waler

lilted. (The modl, shnln'S al whirh the damping
was doler))fined were m)l idenlitied.) The resull-

ing ltv(,rag,'s ()t' the damping factors el)lathed were

0.0(15 and 0.002 for (he mnl)ly nnd waler-tilh,d
eylin(h,r, resl)(,('tively. Thus, lhese values ill-

(Ill'ate that the damping de('reased with the n(hli-
lion ()f the wnter.

Tangential and symmetric modes. During the

exl)erimen(s il was found that the only modes
whi('h ('ouhl I)(, ex('iled were (he radinl shell modes.

The high-fr('qu(,n('y axial and l:mgen(inl mod(,s
(tis(,ussed ill rel'ere),'e 7 were n(,ver el)st,fred.

An atleml)l was ran(l(; to (,x('i(e h)ngiludinnl

vii:rations su('h ns (hose whi('h mighl, })e exl)('ri-
(,n('ed by a li(lui(l-fueh'd ro('ket under (he transient

h)ngiiu(linnl h)a(Is al. lifi-off. In lifts mode (he

shell is thought (o (,xlmn(l and ('Onll'n('l symmelri-

('ally whih' lit(' tlui(l ('enter of gravity moves

ver(i('Mly. Several shak(,r orientations were used,

but this mode ('ouhl nol be ex('iled with the cyl-

inders and ((,sl equil)nmnl avnilal)h,.
Wilh lit(' ('vli)l(ler full of water a mode whi(.h

al)l)eare(J (o l)e svmme(ri('al was ex(.i(ed; (hal is,

lit(, anq)litu(le al)l)eared to l)e tile same at nll
I)oin(s nr(l(md (he eir('umferen('e. This amIlli(ude

was ot)serve(t visua]ly Oil I1 lhl'ell(] gill('(] l|roliild 11

('ir(.tllllfel'etl('e of (lie ('ylin(h,r. llowever, wheti

1he thread was ilhmfilmted t)y the light from a

Strobotae, the vil)1'nliotl was found 1o re/isis( of a

series of x_nves tl'avelinlz at high speed nrouml the
(.v]in(h,r (.ir('umfere))('e. II w_is (ben deferral)loll

thnt this "traveling wave" phenomenon o('('urred

in (])e re,zion of ))inxJ)mm) response of a given
tootle; at frequen('ies on el(her side of this region

the waves were slalionnry.
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1.0 _ Number of
u- \'__\ orcumferenfial Experiment

S

j e le,elI% "_

E

_u

,8

<

.6{

_.4
b

.2

L21
0

.8! _8

i -o..

0 .6

' Number of xtT orcumferentia I Experiment

7 o or .4

8 0 x28 If z_
Water level [ 22 O

<2 [(b) <_ l ' ,
o , 2 .3 4 ._ 6 7 8 9 ,'o

x/L

(a) First :txial mode. m 1; b/L O,25.

(b) Second :txi:d mode. m: 2; b/L--l).50.

FIfiURE 4. Normalized axial vii)ration mode sh.q)es.

Cylinder 2; (l/h =-3,000; p= g psig.

Multiple response.--An interesting phenomenon

was observed during tests of the steel ('ylinder

2 (a/h=3,O00) p,u'tly filled wilh water. In a few

eases, two distinct tones ('ouhl t)e heard when the

<'ylinder was driven at a particular fre(luen(,y.

When the ol)server lislened to the resl)onse with

the ear very close to the cylin(ler, one tone was

determined to come from tim part o1' the cslimler
above the water line and the other tone from the

part I)elow the water line. Further investigation

showed that each of the two sections of the cyl-

inder, above and below the water line, could be

made to respond relatively independent of the

olher; that is, the maximum amplitude eouhl be
made to oe('ur either above or below the water

line. Figure 6 shows the minimum resonant

frequency of each section of the cylinder plotted

as a function of water depth for several values of

interred 1)ressure. For the minimum frequency

o

8 - --_[

(a)

bA
o 0.25
o .33
0 ,50
_, .75

1.00

' _L

_'L _,,
A

{3

o _Z :E ""
b 3

0_o__ _@___

'(b)

[]

x i_ I ,, o o
b 5

0 2 4 6 %

p, pslg

(a)., = 2.

(b) m =3.

N
v t L

x2 t b

,l A

tq(mm,; 5: Experimental loclttli(Jll of circunffor(,ntial node

lim,s with r(,sp(*ct to water depth .ts funclion of inh,rwd

pressure for random values of *_. Cylinder 2; o/h--

3,000.

lhe measure(1 wdue of m was always l, but. the

value of _ wn'ied with the water depth. (These

data are also presented in table V.) The figure

shows that as water depth increases, the frequency
of the section below the water line de(.reases, but

tim I'requen(,y of the section al)ove the water line

increases sharply, as (,ould 1)e exl)eeted t'rom the

de('reasing length of the unfilled part of the

cylinder. It, can be seen that for some combina-

tion of internal pressure and water depth there
can t)e it nlo(le o1' the lower section whi(,h has a

frequency that is an even multiple of the fre-

quency of a mode of the upper section. In this

ease both modes may be excited t)y the same driv-
ing frequency, as was observed in the tests.
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600,-

55O

Major response
"/_ relative lo

water level:

O_ Above Below20 _" []

4 e

_o __ ___\
oo %_

u_

E
250

I psig

0

5

I0

20

40

80

0 ; .2 • 5 .4 .5 .6 .7 .8 .9 1.0

Ratio of water depth to cylinder lenglh, b/L

FI(;IRE 6. Exp(,rim(,nl.d ,,lirillti.n of minimum mll.ral fr_.(lU('ncy with "w.lt_,l" (h,l)lh-h'n_th rlliio sh(nving t.ullil)h'

r_,_p,)n:_,. ('ylin(h'r 2;,'h =3,000 m--l.
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TAI_I,I:, II

EXPI_2I{IMI'_NTAI, NATUllAL FI{EQUI'_N(',II_;,q ()F CYI_INDER. 2 ConehuhM

t
[

l}sig ] i
13 4' 5 I 6

i i

[
f, {'l}S, al tt, :

Dt ........

, ,o/£7 8 ! 12 13 14 15 16 t 17 18 19211 21

b/L - 1.00 •

- 9o 30. 732.034.537. 411.3:43.8 _ 45. 49. 9 ....
r: r.* v. 4

5 ...... 35.9 37. 31 40.0 43.0 4g.,} ,}3. ,}8 .....................
I _ i__ 3g.g 40.0 .I.t.O 48.4 53.8 60.11 67. 74.8 82.0 ......

1 2 ! 42. 11_ 44. 047. 3 53. 7 60. 0 68. 5 " ( " "g 0 gg } ;) 108 ..........

4 [ 467) 483 _ 52560.06(.). 5 ! 80.092.011)5 118 ................
g 51.551L5611.579.093.0108 [126 44 lfi3 .............
0 _ - - I ...... _,).,) ,1t.(1, ,}.).0 ..........

.)_...... _ (,.0i5 68.06,(}.072.577.083.089.0 .......

1 _ _ _ 72.0174.076.0 gO. 286.11919100 108 115 .......
o, ,_, _ _ _ 81.0 8,.09 8,}.0_' 91.098.0[1()7 117 127 138 151 .... i

4 _ _ 91.1193.099.0 lOCi ll5 128 [140 t145 170 .........

g _ 103 105 114 125 1141) 155 172:19l I .......

1).5 ............. ' ............. ' _ ' 95.098.5106112 11!)__ 133

1 '_ ......... 04 105 109 _ _ 119 il2(i 136 ....
3 2 [..... 117 18 22 126 ' 32 141 150 160i170 183 .

4 _ 1:_4 :m 141 148 118 i](_8 ,181 1_7 ___].... [ ....
8 _- ...... - .... 158 l(i6 177 192 208 1:225 I___ ! ........

!

h L 1.47

(_) .......... 37.(L 38.11 45.0 ..... 53.0 .... (4.( ........

[ .5 .... 4o. o _ I 44, 0 ..... 53. (}.... {_._.o _ _ 8o o ........... I
• J 1 ........... 46.0 41.8 55 7 62 0 68 5 77 0 86 0 95 0 105 ......... !

_ :2 ..... .15.0 46.5 51._.}[ .)g. 5 _ 76.0 .... 95.8 .... 118 ......... _
/ -1 __ 49. 050.0 55 8 _ __ 74 0 .... 9g (1 .... 124 ___ 1,")() ........ i - --
[ g 50 !}54 059 0 1i8 5 _ _ 97.1) 112 130 148 1119 189 211 ..........

I{ 0 .... 84 (} 78 (}__ _ 71 0 7{} 0 68 (} ......... _ 75.0 .... 85 0 __ _ 108
| .5 .......... 71. g 73.8 77.0 83.0 89.8 9(}.31{)4 11:2 ...... ,

} ] 1 ..... 77.{} 7L() 81 11 84 0 87 (} }5 {1103 11;2 121) .... I _ _ _
" _ :2 ......... 7_}.(} g;¢.S ;_0.0 96.811(14 114 1:25 136 1-18 ltil 174 _ _ _

/ 4 ..... 91. 0 !:2. 0 5. 0 10 1( 221 ' 33 14B 61 176 193 209 .....

8 ........... 1(13 108 115 1:27 141 15g 175 1!14 :21B 237 ........
[ {} .................... 95. 0 _ . ill. 5 ..... {.}7. {) _ __

/ ,5 .............. 1{)6 1(15.9 llO 115 1:2:2 121 _ 141i156
,_ ] 1 -- ........ 111 112 114 118 124 131 140152 161 _ __
' 1 2 ........... _7 ..... I1B_ _:_} 14_} ,_;,:) 170 ......

[ ....... 40 _ 45 152 164 177 189 :203 _ _ _ [ _- _
V, 0 r:{ ' { ') 0[ 8 ....... I.}. l,}.} 1(}8 180 1,14 _10 .... 4,} ........
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'FA BIA.] [It

EXPEI_I.MI,_NTA1, AXIAI_ Mt)I)E SttAI'I,]_

(:l;. h.'L 0.25, u_ = I

] ....

R-l:qive amplitude :tt n :
r.'/,

;-, ,_ 7 ! s 1(I ] I I 12 2"2
I

I). ()lZ)l). 61 i 11.57 11.110: 11.5;"} 1). 5_,111. ,"}:}

t111:2 . ,-7 _ ! .,*"41i .8!1 .Xll .X:/ . 77
137 .91 _ ,!16 i .11.") l.(}l) I.{)0 1.110 1. l)(I
160 I. I){}l . _ . !}-I
183 I. 0{} I. 111} 1. Oil . !16 .93, , ,',4,",4. I;5
21)5 : ! _ I .6o , 17

227 i .!t5 .!ll .ST .81 .76 .72 .-tK .;/.'}
2.'11 _ ._ ._ , ! . t_
271 .N,2 . T61 . 67i .lil . -I,"4 . 12 .33 . II
3:2() • 7,'4 . 6!1 . 56i .51) . ;¢2 .

i
2.'}

365 7,-_I G-I __ -It .-12, . :21 . 15_
-110 ' I 1;1I. ] .... ] __ :

-155 . 6!} ..19 . 32, .27 .....
5-],'p . ;3,_. . :L3 . :21) ..... :
64tl . 17 .21 . 12 .... _

7:_11 P};"} .... i - :
81211 '}"

I I

(I)t I,."1, :: l) 50, _,_:= 2

i

lh'l:ltive amplitude at _ :
X ,/L ......

T 8 11 22

O. 1125 ...... 1). ,10 _ _
05 1}. 7B O. 65 --. 1-;2 __ _
075 . 85 ....
_1111 :£ _.-6i}- -: _66- . ,{} _.1)11
128 -.:14 .9-I _ _
15o --s.-6.;- .$){t -I - ],:2o
211o -.so .1,s -.ss I - .8o
2511 -.3;;" .20 .22 ! __
2611 1) 11 1}
275 1} ........ ' _ __

311(} . 20 . :{'7 . 35 . 611
325 .86
:_su ' .;. -- __5..... _8_- __
375

4011
425

• 451)
475
51111
525
5511
6011
71111
80(1
85(1

I. 011
l. 0() 1, (111 1. O0 . 911

1. O0 ....... 75
-i.-611- . ;_s .88 . titi

-- - , ....... i .... : .44
• 82 . (iS . 56 . 25

• I4
_-_£_ --.-48 ..... _:_:_- _ .....

• 58 . 30 . 16 .....
• 36 • lO ..........
• 20 ................
• 13 ...................
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TABLI_; IV

MFA_[TI/E1) IA)CATI()NS (IF (_IIICUMFEI{ENTIAI_ NOI)E I,INES CYIAN1)EII 2

(a) m 2

p, psig

Xl

Z

= 0.25 b = 1}.33 _ = 0.,)0L

0 ........................... 0. 339
• 5 ................. 0. 1!13 .323

1. 0 ..... 0. 136 . 205 .301}

1.5 _ .................. i ..................
2. 1} .......... 136 ! . 182 . 275
3. 0 i i
4.{} - ......... : ---_i;_:(-- ! ----isZ--

] ....

6. () . 124 . 172
.... is. () ] --6_?,66 . J' 6 i .
! i

= I

0. 442
. -t55
• 132
• 41)!)

• 277 ..........
• 283 . t0!)
• 277 .398
• 273 .395

0. 580
. 545
• 573

---:3_o---

.523
• 518
• ;51)!t

p, pslg

0
. 5

1.0

2. l)
4. 0
6. 0
8. 0

:,e I

I
•/'2 _1 I ;r.}

L L L

6_:i:_i 6:{v,6 . {}{.}1 . _,4
.088 . t7:_
.{)8. . _.4

?ii8i _{_7o . o7{} .1._}

(b) m=3

:/:1 3?2 2"1 :f2 Xl

L L L L Z

_: :::0.33 b = 0.50

6:i:,i 6:5,_6 i-)?i_:_ 6;S_-,
• 132 .245 . 1!15 .3{_8
. I:¢!} .232 . 177 .371}
• 125 .2271 182 I .345
• 105 . 21}5 182 . :_41
• 125 .216 182 I .310

6.-a66
• 29(I
• 261
.261
• 261
.261

J•2

1:

_: 0.75 b• f= l O0

0. 482 (}. {i()-I
443 71)5
409 672

0. 557

• 568
5t5

• 523
• 505
.5(11)

382 693
341 {;7:_

352 555
354 670

COMPARISON OF THEORETICAL AND

EXPERIMENTAL FREQUENCIES

EMPTY CYI,INI)ERS

Unpressurized. -Theoretical and experimental

variations of natural fr(,tllwney with tim mmiber
or eir{'ttJnl'erenti_d waves n of cylinder 1, empty

and Unl}ressuriz{'(t, are shown in figure 7. '['he

theoretical l'requen{:i(_s for rPeely SUl)l)Ol'ted ends

were (.ah.t]late{l by use of eqtmtion (48). For
fixed ends, (,quation (.48) was used in (,onjun('tion
with a eorPeclion 1)rocedure developed in reference
8. In r{q'eren('o 8, it is shown that the eqm_tions

for fr(,elv suppor{ed ends can 1}(,used to predict
tixed-end frequencies provided the '_xial wave-

Ill Tr(I

length hwtor X= T is rel)hwed by an equiva-
lent, axial wa,wdength factor X¢_ !m+O'3)_ra It

L
appears reasonable, therefore, to modify equa,tion

(48) m a similar Jll_tllllel" to account for fixed ends.

A <'omimPison of t.he frequencies caletflate{l l)y

eqtutlion (48) witlt those {_aleuhtted by the melhod

of ref(wenee 8 is presented in table V[ in order to

veriry tlla, l; e(lualion (48)with the corre{'tion

procedure of reference 8 may be used lo t)rediet
l'requcn(qes o1' cylinders with tixed ends. The

tmt.ural fre(lu(m{qes or (TIin{ler 1 for several

vMues of m and _ are l}resenl{,{I fop freely SUl}t}orted

rams in I}aPt (_L)of tat}te VI, and for iix{,{l ends

in p_trt (1)) of tal)le V[. 'Pal)h, V1 shows that the

frequen<qes <'ah_ulated by use or eqtmtion (48)
are in close agreement with those eah;ulated I)y
the ]nethods of referen{'e 8 for t}olh freely sup-

l)orted ends 'rod for fixed ends. lit can 1)_,con-
eluded, therefore, that the equivalent wave-
length ra(.tor X_ can be used in e(ltmtion (48) to
cahmlate fixed-end frequencies.
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T:\ BIAs; V

MINIMUM NATURAL FRF,(,_UI']NCIJ,;S :kS A

FUNCTION ()F WATEll I,EVI_;I,

b;/L

0
0{;3
090
100
120
125
12,6
157
lg0

Cylinder 2; m + 1]

Frequency f, el)S , for p :

0 0.5 1.1),. 2.0 -t.0 8.0
psig 1)si_ l}si.+.S psig l}_ig

Major r('spons(' t)['l,m- ,,v:,d{,r h'..'('l

76 206 256 312 363 I 10
20-t 2,55 302 351 H)0

75 .........
195 '2'27 2,i{i 300 3 t0

7.1

7:2 ....
(',7
59

200
227 -17
2511
333 34
5(1(I :_0
(i2;"} 28
750 27
g "2"2 2 _}
91(1 30
tJU 30

110 121 13N llS -"

90 I()-I I 7 127 IH)
B8 Sq_ !}(I 10l II0
.17 7)3 (;2 _;!) 77
.I I -15 51 58 63
:'_g 41 .t(i 52 .;S

3(i 39 -t2 -17 51

0
• 063
• 12.')
• 250
• 33; +,
• 500
• 625

M:tjor i'(,spolis(_ :l])()',.'t! +,,t,':i1 pl' It',{,[

.... 20(i 25r} 312 :'hi3 11 (}

...... 206 21;5 321 373 _
_ _ 2t0 2Nil 333 2<;91) l+lO

233 312 373 .133 .lS0
..... 253 ?;12 .1()3 -170 ] .51N

:]1).5 :g{I.5 I{IG ;51)5
_ 380 +173 7)7_i

The th(.or(di('al [ixed-ond fr{_{ltwlwi{,s shown m

l+igUl'{, 7 wet'(, ('ah'ulat{,d 1}3 using' the equivahqlt

wav(q(mglh t'a(qot' X,_ in (,qualion (4S). Figure 7

shows _'ood overall agr(,(,_,l{,nt t)(dw(,(q_ the {,Xl),,ri-

mental frequ{,n('ics, wlfi('h w,,t'e (}t)taini,d x_it]l

tix('d ends, and tim lheoP('ti(mI fix,'{t-t'n{t fr(_(tumt-

('ies. This ligur(, also shows tt_, uuusmtl varintion

of I'Pcqu(,n(! 5+ with *t pe('uliar to ('vlindri('al slwlls;

tJmt is, lh{, h)west fr{,(lu{,n<, 3 {lo{,s not o{.<.u1' with

the siml)h,st tmthtl l}att('rn. In this ('ase the

lowest, l're(lu(,n<' 3" o{'('tH's witll m L nnd ,+ I().

('otiil)aris{)n h,+,twP{,n t h{_ l'r{'(lUtqwi1's cah'idal(,d

for lit(, I'rt,oly sut)t)orh,(I ('x-lit+(It't • an1[ the fixc{l-

(,td ('vlind{,r for a giv(,tt valuo uf m sh(}xw rre-

(It,t'tt('i{'s l'or tlw [ix{'tl-I'tl{t ,'OllIigttt'atiotl to Im

]figlwr I)v as much as 2,"4 l}('r{+,'nt in t].+ Illininlum

400

550

300

o 250
,,+-

8:
g

_200
d:=

B
:_ ,50

bOO

-/+ +2++,
m:l _ /7 _.

>/

The0r_, (eq.[48)
(One - term appr0x_mghon)

50 -- -- -- fFixedFreeiysuppo.,tedends ends

((w_th correchon)

o 4 8 L2 1_ 20 24

Number of orcumferent+ol woves, ,'1

Fret:m,: 7. Theor.t if'at and o×l>et'imetttal v:tri'._t ion of tmt-

ural fI•('tltl(ql(ty {)f _lll <'llll)lV, Unl)r,.ssurized {'ylindor with

lhe mHnl,or of cir('utnf{,r,.t_ti:d w:tvt's .. (!yliml+.,P l;

(I/It i137.

['l'(qttl('lt<+3 + ttl'oa; }lOWt+Vt, l'+ small ill{'l'('nsos of /_.

rt,(lu(Be tiffs {litt'(,rt,n('<, t,o h,ss than 5 l}eP{'{'nt,.

Pressurized. -Th(,oret, i{'al and (,xt){.ri_l..nlal
variations of t,lu, natural t'requ(m,'it,s of ,'vlin{h,rs
1 and 2 with tile nutul)tn' of (qt'('tunf(,r(,ntial waves

n arc l}rest,ntt,d in ligut'o S fop int['t'tml l)r('sstn'es

u[) to S l)Sig. The theot'(qi('nl l+r(,(lU{,n<'i(,s shown

in this ti_m'(', vcer(_ ('ah'ulat(,d ft'oln <,<luatio1((4,"4)

with {qtds assum{.d l<) h{, frt,el 3- SUl)l)Orl(,d sin{'e

no th{+orv is avnilal)h, ]'oP pPossttriz{,d cvlin(l<,rs
having [ixe{l {,ntis. TJ_e end ('omlition+ aee

('Xl)(wtod to ]mv(_ only a small (.if(w! O11frt,{lUtqt<'i{,s
['or values oi' n al)ovo th(, _, for I_inilHtun l't'o-

(ItWn('y. For vnlu{,s of ,+ al}ove lJw ,+ for _ini_,_unt

I'l'('{lUetwy , tim tlmot'eti('al nml (_Xl)t,rituontal fr(,-

quetwi{,s agt'{_c wt, ll, the t lmor{,ti<'al I'r(,quon('ios

})e.illg ]lig'h ]}v ;Is IIIll{'II ns 15 ])(q'('o111 ]Hit usually

high t}y loss than li} i){,r{'mtt. 'l'Jm rt,sults in
fig((re S imti('ate thai, for valu(,s of P+ al)ove _+

for mini,tlunt t+l'(,qu(,n(.3 -, t_qualion (4s)ad(,{lUntely

])redicts the mttut'a] I're(tu(,twi(,s of (,inl)ty , l)res -

sttrized {Tlin(hq+s. This t]_tll'e SJlOXVS it|s() t haL
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"I'A BIA_; VI

('_)MI'AIlIS_)X ()1_" TIlE I:III:A_UI';NCII':, "z, ('AI,(WLA-

TEll l:()ll ('YI,1NI)I,;II 1 BY USI£ _)V I.;QI'ATI()N

-18_ ANI) Till:, I_:(_I'A'I'I_)NS _)1," I',I':I,'t_:ItI_;N('I'] 8

FFl,llllt'ii('y /. ('[1<, calvlllnl_'d ll_,

1,], I tlef. ,_ 1';,. I_ef. _ ]_;<l. llef. <_
(.tN$ IN 1N_

., I 2 m :I

#;: _ "

(it ].'r_.elv Mlpl orled end>: ,k L

7 115. 02 115. 01
96. 2_ 91L :;Ii :_;lili. NZ 3N7. 91

il 8S. 17 8_.55 254. 3S255. 67
lip 89.08 89. 16 217. N2219. 11

11 95.90 {l(l. 117_ I!t:/.N| l{)5.{)f;
12 [07. 13 11)7. I1 1N0. ;I;/ 18t. 18 ',173. 5g'./2ti. 14
1:1 175. 59 17(i. b42 29t 57 2!Ilk !)7
I I 3N.',13 l'3<q. 97 17g. t5 179. |ill 275 (17 277. 94

tti 77. 59 ITS. 7(i 21i(I. 67 7(12, I)2 2(i3. 66 7t15 81
1_ 223. 2:1224. 9(I 237.922',t9.7(i 27879281. l!
21) 27.1. tis276.',#:_ 2NS. 252S7. tlti 31:_.0f;:115 81

:m _ 0.;g rc:t
h) Fixed rams: X,.

L

7 182. 27 182. .111
8 147. 14 147. 52 385. 96 387. 38

9 126. 10 12[k 52 320. 7{';322. 45
10 115 91i116.311 273.26271.!)8

11 114. 56 114. 96 239. 7:/241. 37

12 11.% 97 120. 41 217. 75 219. '2_.t ,_74, 43:377. .17
13 2/)2. 01 2(13. L3 313. 5!) ?,16. 2814 144__73 145__a, 5 2(15. 6.l 207. Ill ?,:48. 72 341. 57

16 181. 27182. -13 214.92216.50 290.632q3 13
18 225. 71 227. 42 246. 90 248.8.5 )_" 3629!L 9-I
211 276.61 278. 93 '2!)1. 49 293. g5 ?,26 I)2 328. 83

the internal pressure tuts a hirTo effect eli lltitln'lll

froquelioy; all ineroiiso of I)i'ossuro froni 1 psi 7

to _ psig l'esults in il frequency increase for

cylinder 2 front i_holll 971 vps to alloui 712 ops

at i_ = 1t).

PARTLY IAQUII)-FII.LEI) CYLINDERS

Thooreiiclil and exlmriinenlld variations of

natural l'roquolwy wiih liquid do.I)l,h are shown

for m--I and sl,vei'a| values of _<t ill figure 9 for

cylinder 1 (p=0) and in figure 10 |or cylinder

2 (p--0.5, 1, 2, 4, ltlid 8 psig). FOtll: thooreticitl

<'llrVOS liro shown ill tiieso figures, all eillou|itted

oil tile llsStllii[)lioli lind, lho oilds gro freely sup-

porl,od. Tile first wits clih'uhttod fl'oin equal,ion

(46), wilioh wits del'iw, d by ilSillg li single iorin

o[' the disphieonient series, iilid tile exact virtual

llliiSs expression (eqs. (3l) and (37)); llw second

was calculated also I'roni eqlniliOli (46), hul with

t tie n|>lll'OXillinll_ virllllll-lililss exl)ressioliS (eqs.

(33) alUl (34)). 'Hie i liird eUl'Ve was elih'ulatod

fro|it eqilnliOll (51) wilh lwo lel'liiS o[ lhe dis-
l)lliCelllt'lil s:i'ies |till] ill<, li[)t)l'oxhliltl'.' viriuai-

iiiliss expressions; and lhe [Olll'lh l'lll'Ve, whiclt is

shown only in [iTuro !i I'or #t :1<_, was eli|till|ileal

I'rolii e(ltllllioit (51) _vilh l\vo lel'iiis for liie dis-

i)]nCeliienl s_,i'ies nnd lhe exn('l Vil'iulil-lilitSs

exl)ressioli,_.

l:iTui'es 9 alibi I1) slio_v ltuil _tll Illeol'elieli|

('lll'\t's g'ivo the slttilO fi'equen,h's for lhe Olllply

COlnlilioli, b:'L U, iiiid for the nenrly lull coital|-

lion, b/L=0.7 io b/L 1.0. The iheorelicli] anti

exl)eriineilllll [requeiwios lil'O in elope iigl'eelil(qll

ill these rallg'os of tJL, oxeepl |or sonlo of the

siiilillel' vllllleS o[ sl, \vlil,l'e rite dislll£reoliiplil ('till

lle lillrihllled lo l[lo dift'erellce tiel\veen tile

exiwrinieiillll and lhooi'olielll end conditions.

The use o[ either expression |or virlulil iiitiss in

equlllion 46), which used a sinTie-lorni displneo-

iiieiil, yMds results wliieh iiTi'oo |aMy well with

/tie exl)erinlonllii frequencies Ill slnall vnhies of

l_, |is sliown t).v tlguros {i nnd 10, but: lls st inei'ol/ses

ltioso lhoorelival frequencies lieconie higiior lhlln

ltto exporinionilil frequencies in lho l'illi/Zo of

b/L l'rOin libout 0.1 1o iI|)oul 0.7. The I'eliSOli

for lifts rosuil Oilll |)o oxlllained t)v eonipln'ison of

the thoorolielll with the oxi)orinionllit inodo

sliltl)OS. For li one-torn| oxi)llnsion the thoorelical

llxiiil |node shape (oq. (43)) is svinnlolriclll with

respect Io l_ poinl inidway bolween liw cylinder

ends, but tile oxporinionliil axilil niode shape |is

shown lly lC]gtll'O 4 is lions.vniniolricl/] lind lhe

degree of nonsvinlilotry ilicroitsos with increasing
vlillios of #_. Thus, lhe higher lhooroliva] fre-

quon('ios lil'O OlUlSOd b vlhe conslrllinl of syliiliielr.v,

whi('h is nol i)rosonl in the physiciil sysloni.

The use of two [01'Ills O[' the dislllaeonienl series

(oq. (5!t)) relaxes the s>mmoiry constraint and
results in lower theoretical frequencies as shown

b.v the l]lird lhoorolical curve in figures 9 and 10.

This etlrvo is showii to |)e in good ligl'eOlitOlll wit]t

the OXl)oriinonla| dlila, in a few eases, for inslanco

for SO|lie of tile large vilhles of/'t and snnll] vii|lieS

of b/L, lho Clll'VO given 1)y oqulliion {51) is sligtllly

high, indicaling that lnoro relaxation of lho

synllilOti'v OOllStriiilil lilllSl }lo pi'ovidod; lhat is, li

tilird fern| nilisl I)o included in lho disl)llteoliion{

series.
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FIC, I;]iE 9.--Thcoretic'd and experimental variation of natur:tl frequency of :m unpressurized cylinder with water depth.

Cylinder l ; m = l.
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The resulis shown ill figures 9 and 10 indicate

thai equation (46) (the frequency equal(on for a

one-ternl displacement) can be used to calculate

frequen(.ies for b/L from 0 to about 0.05 and h'om

allou! 0.7 to 1.0. For the rlmge of b/L front

0.05 to 0.70 equation (46) gives only a general

idea of the variation of frequelwy with b/L; and

if an iteeurale calculalion of frequency is desired,

the two-terln representation of the (tisphwement

(e(t. (51)) shouhl 1)e used. If even greater

accuracy is lies(red, the general equation (el t.
(40)) can l)e used lo obtltin a particuh_r h'e(lUelWy

equation for nny desired numl)er of terms of lhe

displacenwnl series. The resulls presellied in

figures 9 and 10 also show that lhe accuracy

olltidned t)y use of t,it her the exact, or approximate

represeniaiion for virtual mass is essentially ltle
Silllle.

IAQ UII)-FIIA,EI) CYLINDERS

Theoretical and experilnental variations of

nntural fre(tuelwy with lhe number of circulU-

ferentinl waves v are shown in figure 11 for

li(lui(I-filled <'ylinders, one axinl wave (re=l),

and for sevel'al values o1' internld l)ressure. Tim

lheoreti<'al curves in this tigure were calculale<l

frolu a one-terln expansion (el I. (46)) and lhe

itpl)roximale virtual mass expressions (e(ls. (33)
and (34)). This tigure shows the lheoreli('al and

exl)el'ilnental l'requelwies ill be ill good agreement,
l'ro,n which it can |)e (:on('lude(l that these

equ'liions predict adequalely the frequencies of

]iquid-tilh*d, pressurized cylinders.

CONCLUDING REMARKS

parily lille(l, or full of li(luid. This invest(gallon
consisted of a <leriwltion of equations for cal<'ula-

tion of nltlural frequencies of shell vii)ration and

lm experimental det, erminaiioll of n,_lural fre-

quencies, mode s]mpes, mM dalnl)ing of two

ihin-wldled cylinders having rallius-thi<.l_ness
ratios of 937 and 3,000.

The equations of motion for Cldcullltion of the

mmn'al frequency are derived t)y use <t['it Rayleigh-
Lagrange procedure in which ldnetic am[ potential

energy exl)ressions are develol)ed in terlnS of lhe

shell disl)lacenwnts. Shell (lisph,.'ement forms

are then assumed, and the lmgrimge equations

are applied to yM(I It sel of simultaneous equations

from which nalul'al frequencies are ({iqerlninell.
(?Oml)al'isons of <'ah'ulated aml expel'ilnental

frequencies show ihal the equations derived are

adequate 1'o1' the ])l'e(li('iion of lhe naiurid fre-

quencies of tile cylinder. For pm'tly filled cylinders
lhe results show that il is ne('essilrv to use there

lhnli olie lerni of tile l/.sslllned (lispht(.enlenl series;

It two-iernl series is shown to give goo(I iigreeillellt,

wilh lhe e×perinlenlli] (hlla of tile 1)resenl invcsli-

7illi()ll. _tVheli the liquid (h,1)lh is zerl), the
e(lultlions redu<'e to it single, rehltive] 3- shnple

equttlion for frequency which ]ills been dei'ived

previously t)v ]_]ric. Reissnei.. li is shown lhlit

this eltuitlion ill(iV ])e used for cillcu]alion of

fre(l(iencies of ,?nil)I/, pressurized or unl)ressurized

('ylin(lers wilh either fixed Of freely SUl)l)orted

en(ls. _tVtlen the evlhlders are tlllell witii liquid,

it single lerin of lhe disphtcenienl Sel'ies is Sill)Veil

10 give fre(l/10'n('ies which ngree well wilti the
experinienl nl frequencies.

Results are rel)orte(l of lilt invesligltiion of the
shell vil)l'iliiOlt ('}mrilcterislil's of l)ressurized,

lhhi-wlllh'd ('il'('tilili' (';lin(lers whicll ill'e enipiy,

I,ANGLEY I{ESEAIU:Ii (_EN'I'EI_,,

NATIONAl. AEI¢[)NAUTICN AND _I>AI'E ADMININ'I'RATI(IN,

LAN(;LEY STA'rI()N, [[AMI'TON, VA., l"cbruar!l 2,'1, l:t_q2
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APPENDIX

APPROXIMATE VIRTUAL MASS COEFFICIENTS

Apl)roxinmte expressions for the virtual-mass
coefficients of the partly filled cylinder, m,,i(x),

m,,2(*,k), are ot)tained bv use o[' a virlual-n|ass
expression which was derived in reference 5 for
liquid-filled cylinders. Equations were derived
in reference 5 for the calculation of ttle naturnl

frequencies of vibration of a thin-walled cylinder
full of inviseid, compressible fluid. It. is shown
therein that the efl'ects of the fluid on the shell

vibration frequencies can 1)e descrit)ed by a<hlinv
an equiwdent fluid mass per unit ,Jrea to the mass
of the shell. When ttle fluid is incompressible,
the equivalent fluid mass m,: is given 1)y the
expression

For the partly filled cylinder it is assumed lhat

, Dr(l, "r _J"
"1,= ,)_ _,.[_(Xo) ll._( t)2 cos 2 n_ sin 2 ' - dxd¢

_,! s=0 , (1

an equiwdent fluid mass per unit area, given by
equation (A1), is distributed over the wetted area

or the shell and is moving radially with the shell.
With this assumption the kinetic energy of the
fluid can be obtained from the ext)t'ession

Tz: 6 m Ab2a+txd_ (A2)
d 0 d 0

where Tl is [he kinetic energy o[' the fluid, and

the radial velocily d' is obtained from the radial
disl)htcement ,,,

w--('os t_,,_Z, W_(/) sin (A3)
s=0 (f

With the sut)stitution of the fluid mass (e<l. (A1))
and the radial velocity from equation (A3) into
equal|on (A2), the following exl)ression for the
ldnetie energy can t)e obtained:

2.q _J,,(X0) l{'_(t) l'i_.(t) cos 2 n_ sin:: sill ,t_'_1_
s =0 ' = , , (l, (I

k#s

(A4)

Upon ev,fluation of the integrals in equation (A4)
the kinetic energy of the fluid may t)e written
as

T trpza2b N I
, -<(,,')w,.(0'-'

- )+_'_ m,,,/,,,,k) Ii',, (t) T,i2(t)
k =0

where the virtual mass coeffwients, m_t(,)
36

(AS)

atld

m_,2(s,k) are:

(,,')=.L (xo)

,,_:g,_',k)= f, (x0) si,, (X,,) 0 h sin(X,+X_.)b7o_ ' a]

(A7)
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Comparison shows that the virtual mass

coefficients given by equations (A6) and (AT)

are simil,u', respectively, to the tirst terms of lhe

so-called exa('t virtual mass coeffLeients given by

equations (3l) and (32). The only difference is

the appearance o1; the term .f,(X,) in equations

(A6) and (A7) in ])lace or the term.f,(X,) in the
exact, expression. This suggests that the first

terms o1' equations (31) an(t (32) be use(l as an

approximation to the virtual mass eoetth'ienls.

The approxim,m, virtual n',lss coeflicienls thus
arrived 'tt arc

alld

( st.
m_(s) .f,(X,.) /]__ o /

I I (An
k a d

(x,- xk) b _x__ x,' l,
• ¢! , ({,

(Ag)
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